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In this paper we derive a hierarchy of integral equations from the 4PI effective action which have 
the form of Bethe-Salpeter equations. We show that the vertex functions defined by these equations 
can be used to truncate the exact renormalization group flow equations. This truncation has the 
property that the flow is a total derivative with respect to the flow parameter. We also show that 
the truncation is equivalent to solving the nPI equations of motion. This result establishes a direct 
connection between two non-perturbative methods. 
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I. INTRODUCTION 



There is much interest in the study of non-perturbative systems, which cannot be solved by ex- 
ploiting the existence of a small expansion parameter. In this paper we discuss two formalisms that 
have been proposed to address non-perturbative problems: n-particle irreducible (nPI) effective the- 
ories jl|, 0|, and the exact renormalization group (RG) |3rfl]. The nPI formalism has been used to 
study finite temperature systems (see for example @, @|), non-equilibrium dynamics and subsequent 
late-time thermalization (see Q and references therein), and transport coefficients l3"13|. The 
exact RG has been applied to a variety of problems (for reviews see |14j-|l9j|). 
It has been proposed that the hierarchy of RG flow equations could be truncated at the level of the 



^ ■ first equation using the Bethe-Salpeter (BS) equation derived from the 2PI effective action |20l . |21 
The flow of the 2-point function is a total derivative with respect to the flow parameter, and the 
integral of the flow equation gives an integral equation whose solution is equivalent to the equation of 
motion (eom) for the 2-point function from the 2PI effective action. In this paper we show that the 
4PI effective action produces two BS equations that can be used to truncate the RG flow equations 
at the level of the second equation, and that the resulting flow equations for the 2- and 4-point 
functions are total derivatives whose integrals give the 4PI eom's. This result is surprising. Since 
the full hierarchy of RG flow equations are obtained using a single bi-local source term, one does 
^ ■ not expect a connection to the nPI formalism beyond the lowest 2PI level. It suggests that a BS 
truncation at arbitrary orders produces equations whose integrals give the nPI eom's, and establishes 
a direct connection between two non-perturbative methods. It also means that the truncation of the 
RG equations at any level of the hierarchy can be systematically extended by adding more and more 
skeleton diagrams to the effective action. For the nPI formalism, there could be a practical advantage 
in reformulating the integral equations as flow equations, because initial value problems are usually 
easier to solve than non-linear integral equations. Furthermore, regarding the vertices from the nPI 
effective theory as flow equations gives new insight into the problem of how to renormalize the nPI 
effective theory for n > 2 [22]. 

The paper is organized as follows. In section [III we define our notation. In sections IIHI and |TV] we 
give brief reviews of the RG flow equations and nPI effective action. In section |V] we review the 
derivation of the BS equation for the 4-point vertex from the 2PI effective action, and the procedure 
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to use this equation to truncate the lowest order RG flow equation. In section I VI I we calculate the 
higher order BS equations that we will need, and in section IVHI we show how they can be used to 
truncate the renormalization group equations at higher orders. We present our conclusions in section 
IVIIII Some details are left to the appendices. 



II. NOTATION 



We work with a scalar field theory with quartic coupling and consider only the symmetric case 
where the expectation value of the field is zero. We define all propagators and vertices with factors 
of % so that figures look as simple as possible: lines, and intersections of lines, correspond directly to 
propagators and vertices, with no additional factors of plus or minus i. The classical action is: 



and the bare propagator is defined: 

We use a compactified notation in which the space-time coordinates are represented by a single 
numerical subscript. For example, the propagator in equation (j2J) is written Gij := G(xi,Xj). We 
also use an Einstein convention in which a repeated index implies an integration over space-time 
variables. Using this notation we define the generating functionals: 



z[j] = J d(pEKp[i(s + Jm)] , 



W[J] = -iLnZ[J] , 
5W 

m = w[j\ - j t — . (3) 

The functional W[J] is the generator of connected functions which are defined: 

fc+1 $ k w 

V 'n ..,,..,,...„■, = (fn^^ • • • V*hU = -(-V Tj 77 :j :j ■ ( 4 ) 

V' J %k ' ' ' x 3 x 1 x l 

The functional T[<f>] generates 1-line irreducible, or proper, n-point functions. Using the notation 
T = — z$ they are defined: 

T/ _ <T)( ra )('^ rf rr rp \ ^ 

v x\,X2,xs,---Xk ^ i J '2) -^3) • L "n) ci ri ci fji 



'x k • • • u fX2, u 'rx2 u 'rx\ 



Equations fl2}, © and © givfS 

- $( 2 )(x, y) = G-\x, y) = G 1 - y) . (5) 

These n-point functions are invariant under translations of the co-ordinates and therefore in mo- 
mentum space they depend onn-1 momenta. We use incoming momenta and the convention that 



The minus sign on the left side of this equation comes from the fact that the effective action is defined as a functional of the propagator 
instead of the inverse propagator. 



the Fourier transformed n-point functions are defined without the 4-dimensional delta function that 
enforces the conservation of momentum: 



n „ 

(2n) d 5 d ( Pl + P2 + ■ ■■Pn)$ {n) (PhP2, ■ ■ 'Pn) = J] / ^ ( ^ M 

k=l 



(Xi • • • x n ) 



We often use the shorthand notation: 

® (n) )(Pl,P2,---Pn-l,-Pl -P2 Pn-l) = $ (n) ) (Pi , P 2 , ' ' ' Pn-l) 

for example we write <!>( 2 \p, —p) = $^(p) = — G~ 1 (p). 



(6) 



(7) 



III. RENORMALIZATION GROUP FLOW EQUATIONS 



In this section we give a brief summary of the RG flow equations (for reviews see |14j-|l9l|). The 
RG is constructed by building a family of theories indexed by a continuous parameter k with the 
dimension of a momentum, such that fluctuations are smoothly taken into account as k is lowered 
from the microscopic scale A (at which the couplings are defined) down to zero. To accomplish this, 
we add to the original action a non-local term which is quadratic in the fields: 



1 f d d q 

AS K [(p} = - J dQK K (q)(p(q)(p(-q) , dQ := j—^ 



(8) 



The function TZ K {q) is chosen so that it approaches zero for q > k and k 2 for g<K. The first of these 
properties ensures that modes <p{q > k) are unaffected, and the second suppresses the contribution 
of the modes (p(q k) by giving them a mass ~ k. 

Generating functionals are defined as in equation with the action S replaced by S + AS K , so 
that each generating functional now depends on the flow parameter k. Differentiating with respect 
to k we obtain: 



d K W K = \ J dQd K K K ((p(q)ip(-q)) K = \ J dQd K TZ K G K (q, -q) 



(9) 



where the subscript on the expectation value indicates that it depends on k (we remind the reader 
that we are considering the symmetric theory for which (<f) K = 0). It is easy to obtain the corre- 
sponding expression for the effective action. Using $ K = iT K and defining R K = ilZ K we obtain: 



<9 K $ K = - / dQd K R K (<p{q)ip(-q)) K = - j dQd H B i; G i: {<i.-q) 



and equation (JSJ) becomes: 
which gives: 



- G' 1 — B 4- $ (2) 



d K (R K + $i 2) )ab (G by ) K . 
The diagrammatic notation we will use for equation (112]) is showrJl in figure [TJ 



(10) 



'111 



(12) 



2 Figures in this paper are drawn using jaxodraw |24H . 
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- , . ► + . — m — ► = - • ► 

FIG. 1. Diagrammatic representation of equation (|12p . The solid dot represents the insertion the box with the cross is 

, and the grey dot (red on-line) is the sum. Arrows on the ends of the lines indicate that propagator legs are attached. 

Functionally differentiating equation (TTO]) with respect to produces a hierarchy of equations 
known as the exact RG flow equations. The first two equations in this hierarchy are (p^ = —pi — 
P2-Ps)- 

d^\ P ) =\ J dQd K R K {q)Gl{q)^\p-p,q,-q), (13) 
d K ^\pi,P2,P 3 ,P4) =^(6) J dQ^\ Pl ,p 2 ,-q)G K ^d K R K (q)GMGM+P2-q)^ ) (q,P3,P4) 

+ \ f dQG K (q)d K R K (q)G K (q)^ ) (q,p 1 , P2 ,p 3 ,p i ). (14) 

These equations are shown in figure [2J The factor (6) in equation (j!4j) and figure |5] is a short-hand 
notation which means that there are 6 permutations of external legs only one of which is explicitly 
indicated. These correspond to the 4! ways to permute the 4 external legs of the diagram, divided 
by a factor 2-2=4 to account for the fact that the vertices * (pi,P2j — q) an d ^^{q-iP^iPi) are 
symmetric under permutation of their legs. The 5 terms that are not written can be produced from 
the one which is using the variable changes: p 2 <-> P i, p 2 <-> p±, {pi,p 2 } ^ {^2,^3}, {Pi,P2} ^ 
{P2,Pa}, {.PiiP2\ ^ {Pz-,Pi\- Throughout this paper we will use this notation: numerical factors 
in brackets in equations (figures) represent additional terms that correspond to permutations of 
external indices that are not written (drawn). 




FIG. 2. Diagrammatic representation of equations (|13[) and (|14[1 . Dark grey boxes with 2, 4 and 6 legs represent <& K , and 
$k , respectively. Boxes with crosses through them (on the left side of the figure) represent the derivative with respect to the 
flow parameter of the corresponding vertex. The solid dot on a propagator represents the insertion d K R K . 

The RG flow equations form an infinite coupled hierarchy: the equation for $( 2n ) involves <3?( 2 - ) and 
$( 2 [ ri + 1 ])_ i n order to do calculations, one must truncate the hierarchy. This is a common feature of 
non-perturbative methods, and often leads to difficulties (see for example (28|-[3l1|). 
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IV. THE riPI EFFECTIVE ACTION 



The nPI effective action is obtained by taking the nth Legendre transform of the generating 
functional which is constructed by coupling the field to n source terms: 



Z[J,R,R( 3 \R^, 



dip Exp [i X] 



(15) 



W[J, R, R {3 \ R {4 \ ...] = -i LnZ[J, R, R {3 \ R {4 \ . . . ] , 



t[<i>,g,u,v..: 



W - Ji—— - Ri 



SRi 



R), 



(3) 



8W 



Rf) 



5W 



ijkl JD (4) 



For future use we note the relations: 



5W 
6W 



5R 



(<Pi) = <t>i , 



The nPI effective action is obtained from the last line of Eq. (11 5 p and can be written: 



-t^G,U,V...} 

Sci[4>} + ^TrLnG -1 + ^Tr 



(16) 
(17) 



i$ 2 \<l>,G,U,V ...] + const. 



The term <&2 L 0, G,U,V . . .} contains all contributions to the effective action which have two or more 
loops. For example, for the 4-Loop 4PI effective action 13|, |25|, |26| in the symmetric theory $ 2 is 
shown in figure [3J 




EIGHT 



BBALLn 



RRAT.T, 



FIG. 3. The functional $2 for the 4-Loop 4PI effective action. Bare vertices are denoted by open circles and effective vertices 
are solid dots. 



The self consistent propagator and vertex are obtained through the variational principle by solving 
the equations produced by taking the functional derivative of the effective action and setting the 
result to zero. For the 4PI effective theory this gives: 



5$ 



5G 



G xy + {Gq )xy ^xy — , T, xy — 2 



5$5 



■HI 



SG 



■ry 



xx' xx' xx' 



., . -V xywz + X5 xy 5 xw 5 xz + 4\Gj,G yy'G^Gj,— — - — 



(19) 
. (20) 



x'y'W z' u r x'y'- 

The minus sign on the left side of equation (TIP]) is related to the minus sign in equation and is 
discussed in footnote 1. The term —G~y comes from the 1-loop terms in the effective action and is 
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moved to the other side of the equation to produce the usual form of the Dyson equation. This is 
shown in figure HI In equation (120]) the term —V xywz is produced by the basketball (BBALL) diagram 
in figure [3] and is moved to the other side to produce the equation of motion shown in figure |5j 

G~ l = Gq 1 - £ 

= 2 _Q_ +B ^> 



FIG. 4. Equation of motion for the self-energy from the 4-Loop 4PI effective action. The second line illustrates the notation we 
use throughout this paper in which different permutations of external indices are indicated with a bracketed numerical factor. 
In the third line we have used the equation of motion for the 4-point function which is shown in figure [5] 






= (3)i 



FIG. 5. Equation of motion for the 4-point function from the 4-Loop 4PI effective action. In the last section of the figure 
different permutations of external indices are indicated with a bracketed numerical factor. 



V. LOWEST ORDER TRUNCATION 



A. Bethe-Salpeter equation from the 2PI effective action 



It is well known that the 2PI effective action can be used to obtain a 4-point vertex called the 
Bethe-Salpeter vertex (27j]. In this section we review the derivation of this equation. We calculate 
the functional derivative of the effective action with respect to the 2-point function Gki and the 
source Rij. We do the calculation in two different ways and equate the results. First, we use the last 
line in equation (|T5|) with the derivatives 5W/5J and 8W/8R written in terms of the expectation 
value and propagator using equation f)16p . Differentiating we obtain: 



_S 5_ 

5Rij 5Gti 



5 



5J X 8W 5R xy 5W 



SJrr 



SRij \5Gki SJ X 



6Gki 8R xy 



5G 



ki 



yk , 



(21) 



Using (TL6]) the first and third, and the second and fourth terms on the right side cancel identically, 
and we are left with: 

sfesg^-i^ +**.)■ (22 > 

Now we repeat the calculation using equation (1181) for the effective action. We obtain: 

5 5 



5Rjj 5G 



ij V^kl 



5(j> x 5 2 $ | 5G xy 5 2 $ 
SR^ 8(j) x 5G k i 5Rj A 5G X ,,5G 



(23) 
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Since we consider only the symmetric theory, we drop all terms that correspond to vertices with an 
odd number of legs, which means that only the second term on the right side survives. Using ([TBI) 
we write: 

<5 2 ($ - $ 2 ) 5 2 $ 2 



5G xy 5Gki 



5G xy 5Gki 



+ 4 



_ . A disco 
-■ Ly xykl 



xykl 



SG xy 5Gki 

~( G xk G yl 



^xl ^yk j 



A,, 



xykl 



(24) 



The term A^° represents all disconnected contributions and comes from the 1-loop terms in the 
effective action, and A xy ki contains all contributions from $2- 

The last step is to calculate the derivative of the propagator with respect to the source R. We 
have: 



5G 



xy 



5Rij 



5Rij 



{{VxVy) - (<Px)(<Py)) 



■ [G iaG jbG XC G y( jy c 



abed 



G ' i X G jy 



GiyGj x ~t~ 



(25) 



where the dots indicate expectation values which contain an odd number of field operators and are 
dropped since we are considering the symmetric theory. 

We substitute equations (I24p and fl2"oT) into (T2S|) and set the result equal to the expression obtained 
in (I2"2"j) . This procedure gives: 



i 1 

= -Gi x Gj y ( — Vkl xy + A^lxy + -^AklabGacGbdVcdxy) 



(26) 



where we have used the fact that the vertex Vki xy is symmetric with respect to permutations of 
any pair of indices, and the vertex A^y is symmetric with respect to permutations of the first 
two indices, or the second two indices, or the interchange of the first pair and the second pair: 
Akixy = Aikxy = Akiyx = A xy ki- Truncating the external legs we obtain the standard form of the BS 
equation: 



V, 



xykl 



A X ykl + —AxyabGacGbdVcdkl 



(27) 



We consider systems in thermal equilibrium for which the system is invariant under space-time 
translations. In this case equation (12T|) can be written in momentum space as: 

1 



V(p, -p, q, -q) = A(p, -p, q, -q) + - / dK A(p, -p, k, -k)G (k)V(k, —k, q, -q) 



(28) 



Due to the translation invariance of the propagator, the 4-point function does not have general mo- 
mentum arguments, but rather is restricted to the particular configuration indicated in equation (l28p . 
We will refer to these momentum arguments as "diagonal." Equation ( 12 8 j) is shown diagrammatically 
in figure 



-P 





FIG. 6. Diagrammatic representation of the BS equation in equation (|28[) . Boxes and circles represent the vertex V and kernel 
A, respectively. 



B. Truncation of the lowest order renormalization group equation 



It has been proposed that the hierarchy of RG flow equations could be truncated using the BS 
equation derived in the previous section |2( 



211 ] . The procedure is as follows. We extend equation 



(|28|) to the deformed theory by writing: 



V K (p, -P, q, -q) = A„(p, -p, q, -q) 



dKA K {p, -p, k, -k)G 2 K (k)V K {k, -k, q, -q) . (29) 



In this equation the subscript on A K indicates that the functional derivative which defines the kernel 
is taken with respect to the propagator, and the kernel is then evaluated at G = G K (as defined in 
equation (fTTj) ). If we use = V K the equations (fT3|) and f l29|) form a closed set. If the full effective 
action is used, the solution of this coupled system of equations gives the full 2-point function, and 
the full 4-point function for diagonal momenta. This observation points out an important feature 
of the truncation: it can be systematically extended by adding more and more skeleton diagrams to 
the effective action. 

The result of the truncation is easiest to see diagrammatically and is shown in figure [7J In the first 
line of this figure we replace the dark grey box in the tadpole diagram in figure [2] (which represents 
$£f^) by the light grey box on the left side of figure [6] (which represents V K ). Using right side of 

figure [6] we obtain the second line of figure [7J The box of dotted lines is just the insertion 2d K & K , 
using the first line of the figure. Inserting the first line into the second we obtain the first part of 
the third line. In the second part of the third line we use the notation in figure [T] to represent the 
sum of terms d K R K + d K & 2 ^ by a small grey dot (red on-line). 





+ 




2dM 



2) 




FIG. 7. The result obtained using the BS equation from section IV Al to truncate the first RG flow equation in (|13|) . 



An interesting aspect of this truncation is that it has the property that the flow is a total derivative 
with respect to the flow parameter k. To prove this, we consider the 2-point function obtained from 
the 2PI effective action. Using equation ( !T9|) and evaluating at G — G K after taking the functional 
derivative we obtain: 

= (30) 

G K 



6Gt 
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and therefore: 



kl I k 



kl ) k 



G K 

(2)^ 



[(G ka ) K d K (R ab + $%)(G bj ) K ] (A ijk i) K , 



(31) 



where we used equations ([21]) and (TT2]) in the first and second lines. Equation (13T]) is exactly the 
result for <9 K $ K that is shown in the last line of figure [7] and therefore we have obtained: 



(32) 



Thus we have shown that the flow is a total derivative with respect to the flow parameter, and the 
integral of the flow equation gives an integral equation whose solution is equivalent to the equation 
of motion for the 2-point function from the 2PI effective action. 



VI. HIGHER ORDER BS EQUATIONS 

In this section we derive some higher order Bethe-Salpeter type equations from the 2PI and 4PI 
equations of motion. In the next section we will show how to use these equations to truncate the 
RG hierarchy at higher orders. Throughout this paper we use circles to denote kernels and boxes 
are vertices obtained by solving integral equations. 



A. Kernel notation 



We introduce some notation for the various kernels that we will encounter: 

A disco _i_ A _ 9 #G A] #V ( r -l r -l\ °_ Z (W\ 

lv abcd—rstuvxyz--- "T" ly abcd---rstuvxyz--- — * **■ y^rr' ^zz'lxn Sin ri r XT/ v / 

OLr a bOLr c d ■ ■ ■ V r i s i t i u /OV v > x /yi z / ■ ■ ■ 

The factors j^-G and j^V indicate the number of G's and V^'s with respect to which the functional 
derivatives are taken. The inverse propagators truncate the legs that are left behind by the functional 
derivatives with respect to V (there are 4 • (j^V) inverse propagators in total) which produces an 
amputated kernel. The definition of the kernel A Q &... excludes the disconnected contribution because 
this piece will always cancel in BS equations. For j^-G = 2 and j^V = equation (133]) reduces to 



Note that the kernels defined in (1331) for the cases where only one derivative is taken are not really 
kernels, since the right side is just the equation of motion for the corresponding vertex. In this case 
we obtain an integral equation by moving the vertex to the other side of the equation, as explained 
under equation (1201) . 

Above equation (l27j) we commented on the symmetries of the 4-point vertex h. abc d with respect to 
interchange of leg indices. In general, the vertices in equation (133]) are symmetric with respect to the 
interchange of any two co-ordinates which came from the same G or V in the functional derivative. 
In addition, if there is more than one G oy V, one can interchange the full set of corresponding 
indices (in any order). For example, consider the 8-point kernel: 

21111 ^ 3( £ 

^abcdrstu + ^abcdrstu = 2 2 4! [G r ^,G g )G a } G U J,) — — — . (34) 

OUabOLrcdO VV 's't'u' 
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Some permutations of the variables {a, b, c, d, r, s, t, u} that produce the same vertex are: a •f-)- b, 
r -f* s and {a, b} <H- {c, d}. Two permutations that do not are a <H- c and a -H- rJl 

In equilibrium, translation invariance means that the kernels will depend only on the differences of 
the co-ordinate indices of each element of the functional derivative. For example, the vertex in (|34p 
does not depend on x a and x^ individually, but only on the difference x a — Xj,. Similarly, it does not 
depend and x u but only on (for example) and Xt — x u . The consequence 

of this invariance is that in momentum space the kernel does not have a number of independent 
momentum arguments equal to the number of its legs. For example, the Fourier transform of the 
vertex in equation (l34"j) has the form A(p, —p, k, —k, qi, q 2 , <?3, —qi — q2 — <?3) (using the shorthand 
notation introduced in equation ([7]) we sometimes write A(p, k, qi, q2, (fe)). Using j^G = 2 and 
j^G = 3 we obtain 4- and 6-point kernels which have diagonal momentum arguments of the form 
A(p, — p, q, — q) and A(p, — p, q, — q, k, — k). Using #G = 1 and j^V = 1 produces a 6-point kernel 
with momentum arguments A(p, — p, qi, q 2 , (73, — q± — q 2 ~ ^3) which we will call partially-diagonal. 
Thus the general 6-point function depends on 5 independent momenta, and the partially-diagonal 
and diagonal 6-point functions depend on 4 and 3 independent momenta, respectively. Note that we 
always use the convention that the delta functions that enforce the conservation of momentum are 
removed from the Fourier transformed vertex (see equation ([6])). 



B. BS equation for a 6-point vertex from the 2PI effective action 



One can obtain a BS equation for a 6-point vertex from the 2PI effective action using the method 
that was used in section IV Al for the 4-point function. To obtain a 6-point vertex we calculate the 
functional derivative 5 3 Q/5R5R5G. Using the chain rule we have: 

Q = = 5 2 G xy 6 2 $ | 6G xy 8G rs 

5R a b5R C( i5G e f 5R a b5R C d SG xy SG e f SR C d 5R a b 5G rs 5G xy 5G e f 



where the zero on the left side is obtained from equation ( 1221) . Using equation (1331) the second 
derivative of the effective action with respect to the propagator gives the kernel \(A x 1 y^ + A xye f) and 
the third derivative gives: 

<5 3 $ d . sco 

8 5G rs SG xy SG ef = Ar ^ ef + Ksxyef " (36) 

The disconnected contribution comes from the functional derivatives acting on the 1-loop piece of 
the effective action and is: 

a disco / _j_ \s~< — 1 _i_ _j_ \ 1 

l \sxyef~ \ U ey U fs U rx ( - J ey U fr U sx U es U fy^rx er ^fy^sx 

~r ^*ex ^ fs U ry ^es ^ fx^ry ' ^ ex ^ fr U sy <~ ^ er fx^sy ) 

= (^) G ey G fl G rx • ( 37 ) 

There are eight terms which correspond to the eight ways to group the indices {r, s, x, y, e, /} into 
the three factors of inverse propagators, excluding terms of the form G^ where {i,j} = {r,s} or 
{x, y} or {e, /}. In the last line of equation (13"6"|) we use the notation introduced in section [TTT1 and 
write only one term, indicating that there are eight terms in total with the factor (8). 



Some authors insert a semi-colon between the two pairs of indices in the vertex A abcd to remind the reader that permutations of individual 
indices across the semi-colon are illegal. Using this notation we would write h. a b\cd\rstu instead of I\- a bcdrstu- T° keep equations as short 
as possible, we do not use the semi-colon and ask the reader to remember which sets of indices came from which functional derivative. 
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The functional derivative 5G/5R is calculated in section IV Al and the result is given in equation 
(125)) . The method to obtain the second derivative is exactly analogous. Starting from the expression 
in equation (|25l) and taking an additional derivative we obtain: 



-4 



-(<Pc(Pd<-Px<-Py)((Pa¥b) + (¥c(Pd)(¥x<-Py)((Pa<-Pb) 
-( ! fx ! fy)( ! fcfdfa ! fb) + { ( Pc<fd){ ( Px ( Py)(Va ( Pb) ■ 

Converting to connected functions the right side of (13811 becomes: 



(38) 



Vabcdxy+GavVh 



...» » /„ ,/,. + G^j/K^cz + ^cyVabdx + ^&2/Kicda; + ^dx^abcy + ^c^Kmj/ + ^^Kctiy 



+G ax Vfr cdy + (jfidV^j.^ + (jadV^j.^ + GbcV^dxy + GacV^^ + G ay GbdG cx + G a yGb c Gdx 
-\-G a dGbyG cx + G ac GbyGdx + G ax GbdG C y + G a dGbxG cy + G ax GbcGdy + G acGbxG ' dy ■ 

Combining permutations of external indices to make this result more compact we write: 



SR c d5R a b 



Vxyabcd + (SJKo&cA/c* + i^Wxyab^cd + (8)G xa G yb G c d ■ 



(39) 



(40) 



Substituting equations ( 1241) . ( 1251) . ( l36i) and ( 1391) into ( 1351) produces a lengthy expression that can 
be manipulated into a compact form. The result is shown in figure [HI and some details are given in 
Appendix In equilibrium the expression depends only on the differences of co-ordinates (x a — Xb), 
(x c — Xd) and (x e — Xf), and in momentum space it depends on only 3 momenta. For example, the 
momentum dependence of the vertex A abc d e f (the second diagram on the right side of figure [8]) is 
shown in figure [9j 



b 
c 
d 



(1) 



b 
d 




+ 1/2 




+(2) 



(2) 



(3A) 




(1B) 



(3B) 




(3C) 



+ 1/4 




+(2)1/2 




(6) 



FIG. 8. The BS equation for 6-point vertex function from the 2PI effective action. The numbers under each graph refer to the 
discussion in Appendix A. 




FIG. 9. Part (2) of figure [H] with co-ordinate indices and momentum arguments for each leg. 
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We note that the BS equations in figures [6] and [8] do not form a closed set, since the diagrams (IB) 
and (3B) in figure [8] contain non-diagonal 4-point vertices. In section IVlI Al we will show that, in 
spite of this, these BS equations can be used to truncate the RG equations at the level of the second 
equation, because of the fact that the vertex $L 4 ' ) also contains non-diagonal 4-point vertices. 



C. BS equations from the 4PI effective action 



In this section we obtain two BS type integral equations from the 4PI effective action. Throughout 
this paper, in order to avoid a proliferation of indices, we do not introduce additional subscripts to 
distinguish the 2PI and 4PI effective actions and the vertices obtained from them. 

We can obtain the BS equation for a diagonal 4-point function from the 4PI effective action, 
following the technique in section IV A\ by calculating the functional derivative 5 3 &/5R5G where $ 
is the 4PI effective action instead of the 2PI one. In section IV Al the integral equation for the 4- vertex 
was obtained by comparing the results of equations (122)) and (123]) . Using the 4PI effective action, 
equation (121]) contains two additional terms produced by the source but it is easy to see that 
the result in equation (j22[) is unchanged. Equation (123]) becomes (in the symmetric theory): 



5G 



xy 



5 2 $ 



SRij 5G xy 5Gki 



+ 



5 2 <t> 



SRij SV xywz 5Gki 



(41) 



and 2 41 A-xywzkl 



Using equation ( 133]) the two terms on the right side contain the kernels \{A^y^° + K xy ki) 
(note that the kernel obtained from 5Q/5G5V does not have a disconnected piece). The derivative 
SG/SR is calculated in section IV Al and given in equation (|25|) . The derivative 5V/5R can be 
calculated in exactly the same way. Some details are found in Appendix [HI the result is given in 
equation (1B6[) . Substituting the expressions for the derivatives we obtain the result in figure [TD1 





(1) 



(2) 





(4) 



FIG. 10. The BS equation that is produced by the functional derivative 8&/SRijSGki where <E> is the 4PI effective action. Legs 
on the left side of the figure have indices (k, I) and in momentum space they carry momenta ±p. The legs on the right side 
have indices and carry momenta ±g. 



We can also obtain a BS equation for a partially-diagonal 6-point function of the form V(p, —p, k±, k 2 , k 3 , 
k.2 — ks) by calculating the functional derivative 5Q/5R5V where $ is the 4PI effective action. Using 
the chain rule we obtain: 

q u •*? u\j X y u if ^ u v xywz u Y (42) 

SRabSV c def SR a b SG xy 5V c def 5R a b 5V xywz 5V c def 

where the zero on the left side comes from equation (122]) . The functional derivatives of the effective 
action give the kernels (see equation (]33]) ): 

^ ' ^ — H7 = Gcc'Gdd'Gee'Gff'(A X y C >d>e>f) , 

OLr xy O Vcdef 

4! • 4! — — — — = G xx 'G y y'G ww 'G zz 'G cc 'Gdd'G ee 'Gffi(A^) s y ^, z , c , d , e ,^ + A. x i y ' W ' z t c >d>e'f') ■ (43) 

Vxywz" Vcdef 
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The kernel obtained from 5$ / 5G5V does not contain a disconnected piece. The kernel from 5$ / 5V5V 
does have a disconnected piece which is produced by the basketball diagram. The derivative 
SG xy /5R a b is given in equation (|25|) and 5V xyv}Z J 8R a b is calculated in Appendix [Bl To obtain the BS 
equation we substitute (1251) . ([4~3l and (1B6|) into ([4~2]) . After a tedious but straightforward calculation 
we obtain the result in figure [TTJ 




(1) (2) (3) (4) (5) 

FIG. 11. The BS equation that is produced by the functional derivative S&/SR a b5V xymz . Legs on the left side of the figure 
have indices (a, b) and in momentum space they carry momenta ±p. The legs on the right side have indices (x, y, w, z) and 
carry momenta (ki, &2, &3, —ki — ki — £3). 



VII. HIGHER ORDER TRUNCATIONS 



A. Truncation at the second level using the 2PI effective action 



In this section we consider the truncation of the RG flow equations at the level of the second equa- 
tion using integral equations obtained from the 2PI effective action (figures [6] and [8]) and following 
the same procedure as in section [Vj The truncation can only be done if we restrict the second RG 
flow equation (equation (JHJ)) to diagonal external momenta and consider only 4-point functions of 
the form f (p, — p, q, — q), so that the 6-point function that appears in the tadpole diagram has 
diagonal momentum arguments of the form $i 6 ^(p, —p, q, —q, fc, —k). The BS equations have kernels 
with four and six legs of the form A^ = 45Q/5Gij5Gki and Ayjw ra = 85Q/5Gij5Gki5G rs which can 
be extended to the deformed theory by taking functional derivatives of the effective action and then 
evaluating at G — G K . This produces BS 4- and 6-point vertices that depend on the flow parameter. 
We show below how to truncate the hierarchy of RG equations at the level of the second equation 
by replacing the vertices $1 4 ^ and with the corresponding BS vertices. 

We start by substituting the BS equation in figure [8] into the tadpole graph in the second line of 
figure [2j This produces the set of graphs in figure [121 The diagram labelled (IB) cancels the t- and 
M-channels from the bubble graph in the second line of figure [2J The remaining s-channel diagram 
can be rewritten by replacing the 4-vertex $! on the left side with the BS vertex V K in figure [6] . 
The result is shown in figure [T3j Combining the results in figures [12] and [13] gives the result in figure 
[T4"] where we have used the notation in figure [1] to represent the sum of terms d R R K (represented by 
a black dot) and d K & 2 ^ by a small grey dot (red on-line). 
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FIG. 12. The tadpole diagram from the second RG flow equation with diagonal momenta and the 6-point vertex replaced 
using the BS equation in figure[8] In each diagram, the legs on the left side have co-ordinate indices (e, /) and carry momenta 
±p. The remaining legs have co-ordinate indices (c, d) and momenta ±fc. The dotted boxes indicate combinations that can be 
replaced by re-substituting the RG flow equations. The notation d K $^l g2 indicates the second diagram on the right side of the 

second RG equation in figure [21 c*« < I > diag 1 -t indicates the t-channel of the first diagram, etc. The number under each diagram 
indicates the term in figure [8] that produced it. The graph labelled (6) in figure [8] produces two different contributions (6A) 
and (6B), which correspond respectively to the diagrams in (6) with (c, d) and (a, b) attached to the kernel. 




(7) (8) 



FIG. 13. The surviving s-channel bubble diagram from the second RG flow equation with the left 4-point vertex replaced using 
the BS equation in figure [6] The dotted box on the right side indicates a combination that can be rewritten using the second 
RG flow equation. 




FIG. 14. The result obtained by combining the surviving diagrams in figures [T2l and [131 The subscript "diagonal" indicates 
that the momentum arguments are ±p on the left legs and ±fc on the right legs. 
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We now show that this truncation has the same property as the lower order truncation, that the 
flow is a total derivative with respect to the flow parameter (see equation (132]) ). Differentiating the 
BS 4-vertex in equation f]29l) we obtain: 



{Ye fed) efxyjn (G xz ) K ( K Gy W ) K (V zwc d) f t + (A e f X y) K d K (G xz ) K (Gy W ) K (VzwcdjK 



+ 2 (Aefxy). (G xz ) K (G yw ) K d K (V zwcd ) K . 



(44) 



The third term in this equation is the third diagram on the right side of figure dU and the fourth 
term is the fourth diagram if we identify V K = ■ In order to obtain a diagrammatic representation 
of the first and second terms we need to calculate the derivative of the kernel. Using the fact that 
all K dependence enters through the propagator we have: 



d K {Kfxy)K = 4<9 K 



5 2 <t> 



5G e f5G xy 



4<9 K (G, 



5 3 $ 



cd ) 



5G C d6G e f5G xy 



-d K {G cd ) K {A c def X y) K . (45) 



This result is the first diagram in figure [T3] and substituting (|45p into the second term of 
the second diagram. Combining all pieces, we obtain: 



gives 



d K ^ ] (p, ~P, q, -q) = d K V K (p, -p, q, -q) 



(46) 



which shows that the truncation has the property that the flow is a total derivative. 



B. Truncation at the second level using the 4PI effective theory 



The result of the previous section shows that the RG flow equations are equivalent to integral 
equations which can be obtained from the 2PI effective action, if one considers only the vertex $1 4 ^ 
with diagonal momentum arguments. Since the RG equations are obtained by introducing a bi- 
local source term, one might suspect that the correspondence between the flow equations and nPI 
integral equations is limited to the special case of diagonal vertices and the 2PI effective action. In 
this section we show that the correspondence holds at higher orders. We truncate the RG equations 
using the BS equations in figures [10] and CD] extended to the deformed theory as in the previous 
section. 

Substituting figure \TU\ into the tadpole diagram in the first line of figure [2] produces the diagrams 
in figure [15] Similarly, using figure [11] the tadpole diagram the second equation in figure |2] takes the 
form shown in figure [TBI Substituting figure [TBI into the second line in figure [2] we obtain the result 
in figure [TT] 
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(1) (2) (3) (4) 




(1) (2) (3) + (4) (l) + (2) (3) + (4) 



FIG. 15. The diagrams produced when the BS equation in figure [10] is substituted into the tadpole diagram in the first line of 
figure [21 In the second line we regroup the graphs by re-substituting the RG equations and using figure [JJ The numbers under 
each diagram indicate the pieces of figure [TGj that contributed. 




FIG. 16. The result of substituting the 6-point vertex in figure QT] into the tadpole diagram in the second line of figure [2] 




(1) + (4) (3) + (5) 



FIG. 17. The second RG equation truncated with the BS equation in figure [TT] The numbers under the diagrams correspond 
to the pieces of figure [161 that were combined. The diagram labelled (2) in figure [TBI cancels the bubble graph in figure [2] 

Now we compare our results for d K <&^ and <9 K $! 4 ^ in figures [15] and [T7] with the derivatives <9 K S K 
and d K V K of the 2- and 4-point functions obtained from the 4PI equations of motion and extended 
to the deformed theory. Note that the vertex V K depends on the flow parameter k only indirectly 
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through the fact that the equation of motion for the 4-point function is coupled to the equation of 
motion for the 2-point function, which is evaluated at G = G K after the functional derivatives are 
taken. 

In the 4PI theory equation (l3Tj) becomes: 

8 2 <i> 



IJJK- 



2d K (G 



kl)K 



5GkiSGij 



G K 



-2d K (Vkirs) k (Gka)n (Gib) n {G rc ) K (G S d) K G aa t G w G cc , G dd , 



5 2 $ 



SVa'b'c'd'^Gi 



G K 



\d K {G kl ) K {K ijkl ) K + 1 d K (V M MGka) K (G lb UG r MGsM^)a^ 



(47) 



Equation ( 1471) is precisely the result that is shown in the last line of figure fT5l if we identify V K = 
which means we have obtained the equation 

d K ^\ P ) = djiM, 



(4) 



(48 



at the level of the 4PI effective action. 
For the 4-point function we have: 



Or ^ ^ / Or , ,,,/ Or „ „ „ / Or „ „ / 
5 



( ^CI/UIZ ) K 4!(9 ( 

= 4!9 K (G a;) ) K 

K 



2 $ 



rrar i/ty' mill tt^ 



G — G*k 



«7; 



1 si— 1 si— 1 - 1 
Or ^ ^ / Or , „ ,/ Or o „ „ , / Or , , / 

5 



9$ 



G=G K 



SVr. 



abed 



(~i—\/~i—\(~<—\ /~r— 1 
Or__/ Or,/ Or,,,,, / Or 



9$ 



xx' j/j/' umr zz' 



xywz 



G=G K 



- 2 d K (G ab ) K (A abX y WZ ) K + 4! ^(y^ cd ) K (G^) K (G 6 J K (G c ^) K (G & ) K (A a6c ^^) K . (49) 

The hat indicates that the basketball diagram has been removed from the effective action (since 
this is the diagram that produces the left side in the V equation of motion in figure [5] - see the 
discussion under equation (120]) ). The basketball diagram does not contribute to either the 6-point or 
8-point kernel (it produces ^bedxywz)- There are no contributions from the functional derivative with 
respect to G acting on the inverse propagators because the sum of these terms gives zero using the 
V equation of motion. Equation (149 j) is exactly the equation shown in figure [T7] if we use V K = §^ . 
Thus we have obtained: 



9 K ^{pi,P2,P3, -Pi -P2—P3) = d K V K (p 1 ,p 2 ,p 3 , -Pi -P2 - Pa) 



(50) 



which is the generalization of equation (146 j) to non-diagonal momenta. 

Equations (14"5|) and fl50j) show that the RG equations for the 2- and 4-point functions are total 
derivatives whose integrals can be written as the 4PI equations of motion. 



VIII. CONCLUSIONS 



In this paper we have studied the connection between two different formalisms that are commonly 
used to study non-perturbative systems: the exact renormalization group and n-particle irreducible 
effective theories. We have derived Bethe-Salpeter type integral equations that can be used to 
truncate the RG flow equations, and shown that the resulting flow equations for the 2- and 4-point 
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functions are total derivatives whose integrals give the nPI eom's. Since the full hierarchy of RG 
flow equations are obtained using a single bi-local source term, this result is surprising and suggests 
that a BS truncation at arbitrary orders produces equations whose integrals gives the nPI eom's. 
This establishes a direct connection between two non-perturbative methods. It also means that the 
truncation of the RG equations at any level of the hierarchy can be systematically extended by 
adding more and more skeleton diagrams to the effective action. For the nPI formalism, there might 
be a practical advantage in reformulating the integral equations as flow equations, because initial 
value problems are usually easier to solve than non-linear integral equations. 
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Appendix A: Derivation of the BS equation for the diagonal 6-point vertex from the 2PI effective action 

In this appendix we give some details of the derivation of the result in figure [H Substituting 
equations (12 5|) . f )36|) and f )39|) into f )35|) one finds immediately that all terms that contain a 

factor 5ij cancel exactly. There are 10 remaining terms, which are shown in figure [THJ The 6-point 
boxes in this figure are amputated vertex functions, which is indicated by the letter 'A' inside each 
box. 




(9) 



FIG. 18. The diagonal 6-point vertex function in terms of amputated vertices. 



The diagrams in parts (7), (8) and (9) of the figure contain disconnected contributions, but one 
immediately sees that they cancel using the lower-order BS equation in equation (127|) . Parts (1) and 
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(3) of the figure can be written in terms of proper vertex functions using: 



Tramputated -ir 

V abcdef ~ Vr - 



abode f G ' ZTZg^abcz%^def z-j G ZTZg^abdzs^cefzr ~t~ G Z7Z gV ac d Z gVb e f Z7 G Z7ZS V a efz? ^bcdzg 
~^~G Z7Z gV a l) eZ gV c df Z7 -\- G Z7 Z gV aceZfi Vbclf Z-? G Z7Z g Vadfz-j ^bcezg G Z7Z g V a dezg Vbcfz? 
~^~G Z7ZS V ac f Z7 Vbdezg G Z7Z gV a i,j: Z7 V c dezs j 

= V a bcdef + (^0)G Z7Zs Vabcz 8 Vdefz 7 • (Al) 



The results are shown in figures [T§1 and |2"U1 One can see immediately that (1C) cancels (5), and 
(ID) and (3D) cancel (10) when we use the BS equation for the 4-vertex in (1271) in the lower vertex 
in (10). The survivors are shown in figure EJ 



a 
b 
c 
d 



(1) 



e _ 
+<4) 



c 
d 



(1A) 



(IB) 



a 
c 

b 
d 



+(2) 



(1C) 



a 
b 

c 
d 



+(4) 
e _ 
/_ 



(ID) 



FIG. 19. The diagram in part (1) of figure [T51 in terms of proper vertices. 




(3B) (3C) (3D) 



FIG. 20. The diagram in part (3) of figure [181 in terms of proper vertices. 



Appendix B: Derivation of the functional derivative SV/SR 



In this appendix we calculate SV xywz /5R a b using the same technique as in sections IV Al and IVI Bl 
In the symmetric theory we have: 

-Vxywz — y~5 ( G XX /G XX ,G XX ,G xx ,V x , y , w , z , J . (Bl) 



5R a b 5R a b 
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We separate the contributions from the derivative acting on the inverse propagators and the con- 
nected vertex function. If the derivative acts only on the vertex function we have: 

c 

f~1— 1 f~1— 1 f~1— 1 1 T/C 

xx' yy' ww' zz' ^jj> 'x'y'w'z' 
= G xx' G yi G wi' G zz'J^((^' l Py' l Pw'<fz') ~ (fx'<fy')(fw"Pz') ~ (fx"fw')(fy"fz'} ~ (fx"fz')(fy"fw')) , 
= 2 G xl' G yy' G ww' G ^l' ((fx'fy'fw'fz'fa^b) ~ G ab^x'Vy'Vw'V z>) ~ (6) G ' x > y > {if a if b if w > if z >) 
+ 2[3)G a bG x r y rG l 



~)~ G aZl Gbz2 V W xyzz\Z2 J • (1^2) 

Now we consider the contribution obtained when the derivative acts only on the inverse propagators. 
To differentiate the inverse propagators we use: 

5R a b SG mn 5R a b 

with the result for 5G mn / '5R a b given in equation (|2"5|) and the derivative of the inverse propagator 
given by: 



8G~ l 

> 

5G; 

Using equations (125]) . (IB3|) and (1B4f) we obtain: 



^x'y'w'z' ^ \ G xx' G xx' G xx' G xx') ~ ^ {^fi) G az i^ bz ^ wx V z i (^)G Z3Zi G aZl Gb Z2 V XZlZ2Z3 V wyzz ^j . 

(.B5) 

Substituting the results in equations (1B2I) and (1B5I) into (1B1I) we obtain: 



SR, 



ab 
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